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Abstract
This paper aims to put constraints on the parameters of the Scalar Field Dark Matter (SFDM)
model, when dark matter is described by a free real scalar field filling the whole Universe, plus a
cosmological constant term. By using a compilation of 51 H(z) data and 1048 Supernovae data
from Panteon, a lower limit for the mass of the scalar field was obtained, m ≥ 5.1× 10−34eV and
H0 = 69.5
+2.0
−2.1 km s
−1Mpc−1. Also, the present dark matter density parameter was obtained as
Ωφ = 0.230
+0.033
−0.031 at 2σ confidence level. The results are in good agreement to standard model
of cosmology, showing that SFDM model is viable in describing the dark matter content of the
universe.
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I. INTRODUCTION
Astronomical observations provide us with important informations about the evolution
of the universe. The type Ia Supernovae (SNe Ia) data endow us with strong evidences of
the current accelerated expansion of the universe due to dark energy (DE) and the spec-
trum of Cosmic Microwave Background (CMB) radiation states that the large-scale uni-
verse is homogeneous and isotropic at least for anisotropies up to order of 10−5. Using
the Friedmann-Robertson-Walker metric (FRW) and the General Relativity equations, we
obtain the standard cosmological model, named ΛCDM model, which describes an universe
nearly spatially flat and currently undergoing an accelerating phase due to recent domination
of a component with negative pressure represented by Λ. This component represents DE,
which corresponds to about 70% of the energy content of the Universe, while Cold Dark
Matter (CDM) in the halo of galaxies represents 25% and the ordinary baryonic matter
corresponds to about 5%. Currently, the contribution of radiation is negligible.
This is the model that, in general, satisfactorily describes observational data, however it
presents some problems due to misunderstanding of the nature of DM [1, 2] and DE [3, 4].
This stimulates the search for new models describing these unknown components.
Bosonic scalar fields are important objects of study in several branches of theoretical
physics, with applications from Quantum Field Theory to Cosmology. They are present
since the origin of the Universe, for instance the fundamental scalar fields describing the
grand unified theory (GUT) [5, 6] and, soon after, in the evolution of the universe, being
responsible for inflation and reheating mechanisms [7, 8]. In addition, some authors have
also assumed the nature of DM and DE as essentially represented by scalar fields [9–13].
Although only the Higgs boson and some mesons have been detected experimentally in
nature as true scalar fields, other scalar fields could be present in the universe, as predicted
by supersymmetric models.
Scalar Field Dark Matter models, which treats the DM as formed by a real scalar field φ
minimally coupled to gravity subject to a potential V (φ), have provided interesting results
recently [14–17]. In [14, 15] it has been proposed that DM is an ultralight zero spin boson
with a Compton wavelength of the order of few kpc, condensing at high temperatures of
the order of ∼ TeV, leading to formation of Bose-Einstein condensates in the early universe.
Thus, droplets of DM were formed, which would become the halos of galaxies [18]. This
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implies all galaxies to be very similar, having their halos formed practically at the same time
at high redshift. The DM scalar field mass estimated was of about 10−22 eV. A more recent
work [19] has found an inferior limit for the SFDM mass of the order of 10−32 eV, a value
close to the lower limit found in [16] of m > 10−33 eV, using combination of SNe Ia [20] and
H(z) [21] data.
In this work we study the recent evolution of the universe driven by a SFDM model in
which the DM particle is represented by a real, massive and homogeneous scalar field φ,
which is minimally coupled to gravity. In section II, we begin by introducing the dynamic
equations of the SFDM model. In section III, we develop an approximation in order to
obtain more efficient numerical solutions for the field. In section IV, the observational data
used is briefly described. In section V, the model is analysed according to Bayesian Statistics
[22, 23], using the Monte Carlo Markov Chain (MCMC) method [24–27] as a tool. Finally,
in section VI, we present the conclusions.
II. DYNAMICS OF SFDM
The dynamic equations of the SFDM model plus baryonic ordinary matter and a cosmo-
logical constant Λ term are, in a spatially flat FRW background [16]:
H˙ = −κ
2
2
(
φ˙2 + ρb
)
, (1)
φ¨+ 3Hφ˙+
dV
dφ
= 0, (2)
ρ˙b + 3Hρb = 0, (3)
ρ˙Λ = 0, (4)
together with Friedmann constraint:
H2 =
κ2
3
(ρφ + ρb + ρΛ) , (5)
where ρb, ρφ and ρΛ correspond to the energy densities of baryonic matter, scalar field and
cosmological constant term, with κ2 ≡ 8piG and H ≡ a˙/a the Hubble parameter.
Using a quadratic potential of the form V (φ) = m2φ2/2, where m is the physical mass of
the scalar field, and using the change of variables [16],
r cos θ ≡ κ√
6
φ˙
H
, r sin θ ≡ κ√
6
mφ
H
, θ ≡ tan−1 mφ
φ˙
, b ≡ κ√
3
√
ρb
H
, l ≡ κ√
3
√
ρΛ
H
, (6)
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we can rewrite the dynamic equations of the model, (1)-(4), as:
r′ = −3r cos2(θ) + 3
2
Πr, (7)
θ′ = s+
3
2
sin(2θ), (8)
b′ =
3
2
(Π− 1) b, (9)
l′ =
3
2
Πl, (10)
s′ =
3
2
Πs. (11)
where Π = 2r2 cos2(θ) + b2 and s is a new parameter, defined by s ≡ m/H. A prime denotes
derivative with respect to N ≡ ln a, the “e-folding number”.
Finally, we complete the new system of equations, (7)-(11), with a sixth equation that
allows us to analyse SNe Ia data, which depends on the luminosity distance DL given in
terms of the comoving distance, DC :
DL = (1 + z)
H0
c
DC , (12)
where c is the speed of light. Since DC depends on H(z) but we do not have an analytic
expression for H(z), we need a differential equation for DC . For a spatially flat universe we
can write:
dDC
dz
≡ 1
E(z)
, (13)
with E(z) ≡ H(z)
H0
= µ
s
and µ = m/H0. Regarding the independent variable N , we have:
D′(N) = −e
−Ns
µ
, (14)
which corresponds to the sixth equation for the dynamic system (7)-(11). The initial condi-
tions at N = 0 (today) are given by the vector of parameters ~r0:
~r0 =
(√
Ωφ0, θ0,
√
Ωb0,
√
1− Ωφ0 − Ωb0, µ
)
. (15)
As well known [16], this leads to a high oscillatory behaviour of the field, a behaviour
which corresponds to an average equation of state (EOS) corresponding to dust, 〈ω〉 ≈ 0.
In order to make the numerical solution of the system (6) more efficient, next we seek for
an approximation in the mass interval that we are interested, namely, m H0 (µ 1).
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III. JWKB APPROXIMATION
Assuming a time dependent η function, η(t), we can write the scalar field dynamic equa-
tion (2) as:
φ′′(η) + φ′(η)
(
η¨ + 3Hη˙
η˙2
)
+
m2φ
η˙2
= 0 , (16)
where we use φ′(η) ≡ dφ
dη
. In order to use the JWKB approximation we must eliminate the
term φ′(η), so we must cancel the term in parentheses of the above relation. This term
vanishes when
η¨ + 3Hη˙ = 0,
whose solution is
η˙ = Ca−3. (17)
where C is a constant. Thus, equation (16) becomes:
φ′′(η) +
m2a6φ
C2
= 0 . (18)
The above equation is of the form,
d2y(x)
dx2
+ h2ψ(x)y(x) = 0 , (19)
with h = m/C a constant. The approximate solution is given by [28, 29]:
y(x) = ψ(x)−
1
4 (A cosL+B sinL) , (20)
L =
∫ x
0
ψ(x)
1
2dx , (21)
with A and B constants. This allows us to write a solution for φ:
φ = a−
3
2
(m
C
)− 1
2
[
A cos
(∫
ma3
C
dη
)
+B sin
(∫
ma3
C
dη
)]
, (22)
= a−
3
2
(m
C
)− 1
2
[
A cos
(∫
mdt
)
+B sin
(∫
mdt
)]
, (23)
φ = a−
3
2
[
A¯ cos (mt) + B¯ sin (mt)
]
. (24)
Redefining constants as
A¯ = α sin β ,
B¯ = α cos β ,
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using the relation µ = m
H0
and defining τ = H0t, we can rewrite the equation (24) as a
function of N and τ :
φ = αe−
3N
2 sin (µτ + β) . (25)
Finally, we can write a dimensionless quantity Φ,
Φ ≡
√
8piG
3
φ , (26)
which will give a solution
Φ(N) = αe−
3N
2 sin (µτ + β) . (27)
where we have defined α′ ≡
√
8piG
3
α and then we have dropped the prime on α′. It allows
us to rewrite the dynamic variables r and θ as
r =
√
Ωφ =
√√√√ 1
H2
[
H20
2
(
dΦ
dτ
)2
+
m2Φ2
2
]
, (28)
θ = tan−1
µΦ
dΦ/dτ
, (29)
with d
dt
= H0
d
dτ
.
The initial conditions are given in τ = 0,
Ωφ0 = α
2
[
9 sin2 β
8
− 3µ sin 2β
4
+
µ2
2
]
, (30)
θ0 = tan
−1 µ sin β
µ cos β − 3
2
sin β
, (31)
from which we can write α as a function of β:
α =
√
8Ωφ0
9 sin2 β − 6µ sin 2β + 4µ2 . (32)
It is important to mention that the denominator in (32) is always positive for any β and
for µ 6= 0. Using relation (26), the Friedmann equation becomes [16]:(
H
H0
)2
=
1
2
µ2Φ(N)2 + Ωb0e
−3N + ΩΛ0
1− 1
2
Φ′(N)2
, (33)
which allows us to find a relation for dN
dτ
= H
H0
:
dN
dτ
=
√
∆− 3µα2 sin [2(β + µτ)]
8e3N − 9α2 sin2(β + µτ) (34)
6
where
∆ ≡ [8e3N − 9α2 sin2(β + µτ)] [8 (Ωb + ΩΛe3N)+ 4µ2α2 sin2(β + µτ)]+32µ2α2e3N cos2(β+µτ)
(35)
Defining γ ≡ 1
µ
, we can expand (34) in series around γ = 0 (µ → ∞), obtaining to the
first order:
dN
dτ
' EΛ − 3γ
4
e−3NΩφ
{
sin
[
2
(
β +
τ
γ
)]
− e 3N2 sin (2β)
}
, (36)
where EΛ =
√
(Ωb + Ωφ)e−3N + ΩΛ and the second term corresponds to a first order cor-
rection. From this result we can see that the ΛCDM background behaviour is a limit for
SFDM when m → ∞. In order to solve it numerically we consider τ = τΛ, where τΛ is the
age in ΛCDM model. That is, as τ only appears in the first order term, replacing it by the
zeroth order approximation, keeps it correct at first order on γ.
IV. SAMPLES
A. H(z) dataset
In order to constrain the free parameters, we use the Hubble parameter (H(z)) data
in different redshift values. These kind of observational data are quite reliable because in
general such observational data are independent of the background cosmological model, just
relying on astrophysical assumptions. We have used the currently most complete compilation
of H(z) data, with 51 measurements [30].
At the present time, the most important methods for obtaining H(z) data are1 (i) through
“cosmic chronometers”, for example, the differential age of galaxies (DAG) [31–36], (ii)
measurements of peaks of baryonic acoustic oscillations (BAO) [37–42] and (iii) through
correlation function of luminous red galaxies (LRG) [43, 44].
Among these methods for estimating H(z), the 51 data compilation as grouped by [30],
consists of 20 clustering (BAO+LRG) and 31 differential age H(z) data.
Differently from [30], we choose not to use H0 in our main results here, due to the current
tension among H0 values estimated from different observations [45–47].
1 See [48] for a review.
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B. SNe Ia
We have chosen to work with one of the largest SNe Ia sample to date, namely, the Pan-
theon sample [49]. This sample consists of 279 SNe Ia from Pan-STARRS1 (PS1) Medium
Deep Survey (0.03 < z < 0.68), combined with distance estimates of SNe Ia from Sloan
Digital Sky Survey (SDSS), SNLS and various low-z and Hubble Space Telescope samples
to form the largest combined sample of SNe Ia, consisting of a total of 1048 SNe Ia in the
range of 0.01 < z < 2.3.
As explained on [49], the PS1 light-curve fitting has been made with SALT2 [50], as it
has been trained on the JLA sample [51]. Three quantities are determined in the light-curve
fit that are needed to derive a distance: the colour c, the light-curve shape parameter x1
and the log of the overall flux normalization mB.
The SALT2 light-curve fit parameters are transformed into distances using a modified
version of the Tripp formula [52],
µ = mB −M + αx1 − βc+ ∆M + ∆B, (37)
where µ is the distance modulus, ∆M is a distance correction term based on the host galaxy
mass of the SN, and ∆B is a distance correction factor based on predicted biases from
simulations. As can be seen, α is the coefficient of the relation between luminosity and
stretch, while β is the coefficient of the relation between luminosity and color, and M is the
absolute B-band magnitude of a fiducial SN Ia with x1 = 0 and c = 0.
Differently from previous SNe Ia samples, like JLA [51], Pantheon uses a calibration
method named BEAMS with Bias Corrections (BBC), which allows to determine SNe Ia
distances without one having to fit SNe parameters jointly with cosmological parameters.
Thus, Pantheon provide directly corrected mB estimates in order to constrain cosmological
parameters alone.
The systematic uncertainties were propagated through a systematic uncertainty matrix.
An uncertainty matrix C was defined such that
C = Dstat + Csys. (38)
The statistical matrix Dstat has only diagonal components that includes photometric
errors of the SN distance, the distance uncertainty from the mass step correction, the uncer-
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tainty from the distance bias correction, the uncertainty from the peculiar velocity uncer-
tainty and redshift measurement uncertainty in quadrature, the uncertainty from stochastic
gravitational lensing, and the intrinsic scatter.
V. ANALYSES AND RESULTS
In our analyses, we have chosen flat priors for all parameters, so always the posterior
distributions are proportional to the likelihoods.
For H(z) data, the likelihood distribution function is given by LH ∝ e−
χ2H
2 , where
χ2H =
51∑
i=1
[Hobs,i −H(zi, s)]2
σ2Hi,obs
, (39)
The χ2 function for Pantheon is given by
χ2 = ∆mT ·C−1 ·∆m, (40)
where C is the same from (38), ∆m = mB −mmod, and
mmod = 5 log10DL(z) +M, (41)
where M is a nuisance parameter which encompasses H0 and M . We choose to project
over M, which is equivalent to marginalize the likelihood L ∝ e−χ2/2 over M, up to a
normalization constant. In this case we find the projected χ2proj:
χ2proj = Smm −
S2m
SA
(42)
where Smm =
∑
i,j ∆mi∆mjAij = ∆m
T · A · ∆m, Sm =
∑
i,j ∆miAij = ∆m
T · A · 1,
SA =
∑
i,j Aij = 1
T ·A · 1 and A ≡ C−1.
In order to obtain the constraints over the free parameters, we have sampled the likelihood
L ∝ e−χ2/2 through Monte Carlo Markov Chain (MCMC) analysis. A simple and powerful
MCMC method is the so called Affine Invariant MCMC Ensemble Sampler by [53], which
was implemented in Python language with the emcee software by [54]. This MCMC method
has the advantage over simple Metropolis-Hastings (MH) methods of depending on only
one scale parameter of the proposal distribution and on the number of walkers, while MH
methods in general depend on the parameter covariance matrix, that is, it depends on
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Parameter 95% limits
H0 69.5
+2.0
−2.1
Ωφ 0.230
+0.033
−0.031
log10(µ) > −1.28
θ0 0.0
+3.0
−3.0
TABLE I: Mean Parameter Values
n(n + 1)/2 tuning parameters, where n is dimension of parameter space. The main idea
of the Goodman-Weare affine-invariant sampler is the so called “stretch move”, where the
position (parameter vector in parameter space) of a walker (chain) is determined by the
position of the other walkers. Foreman-Mackey et al. modified this method, in order to
make it suitable for parallelization, by splitting the walkers in two groups, then the position
of a walker in one group is determined by only the position of walkers of the other group2.
We used the freely available software emcee to sample from our likelihood in n-dimensional
parameter space. We have used flat priors over the parameters. In order to plot all the
constraints on each model in the same figure, we have used the freely available software
getdist3, in its Python version. The results of our statistical analyses can be seen on Figs.
1-2 and on Table I.
The lower limit in this context, with 2σ c.l., is µ = 0.52. It corresponds to a dark
matter mass m = 0.52H0, that is, m = 5.1 × 10−34 eV for a Hubble constant of H0 =
69.5+2.0−2.1 km s
−1Mpc−1, found from the statistical analysis.
VI. CONCLUDING REMARKS
We have studied the SFDM model, which hypothesizes the description of dark matter by a
real scalar field φ. Taking a potential of the free field type, we have performed an statistical
analysis of the model using tools such as the JWKB approximation, which allowed the
numerical integrations of the (7)–(8) system to be executed for high values of µ faster than
the exact solution. In the statistical analysis, the use of the MCMC method guaranteed
greater precision in the results of the analysis of the 51 data of H(z) and the Pantheon
2 See [55] for a comparison among various MCMC sampling techniques.
3 getdist is part of the great MCMC sampler and CMB power spectrum solver COSMOMC, by [56].
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Pantheon
Pantheon + H(z)
FIG. 1: Constraints from Pantheon SNe Ia and H(z).
sample of the SNe Ia data.
We have established limits for the free parameters of the model, obtaining a lower limit
for the mass of the dark matter particle of about 10−34 eV with 2σ confidence, a value
close to what was found in [16, 57] (≈ 10−33 eV). In our analysis, we have also obtained
H0 = 69.5
+2.0
−2.1 km s
−1Mpc−1. The value of Ωφ = 0.230+0.033−0.031 found and, together with the
well-known Ωb = 0.032
+0.092
−0.097, corresponding to baryonic matter in the universe, provides a
total of ΩM = 0.262
+0.098
−0.102. Both results for H0 and ΩM are compatible with the result found
by Planck, of H0 = 67.4± 0.5 km s−1Mpc−1 and ΩM = 0.315± 0.007.
The SFDM model was satisfactory in describing astronomical observations reproducing
results compatible with ΛCDM model and yet, when the mass of dark matter is very high, the
SFDM model tends to ΛCDM. The advantage of the alternative model is in the explanation
11
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FIG. 2: Constraints from Pantheon SNe Ia and H(z).
of some small scale CDM problems [2], like the cuspy/core problem. Since the dark matter
particles form Bose-Einstein condensates very early in the evolution of the universe due to
their low mass, it leads to the creation of a flat density profile in the center of galaxies [15].
We have seen that the real scalar field φ proved to be a promising candidate for dark mat-
ter, although further analysis and testing should be done with the model to refine its results,
for instance, by using CMB data that carries information from the primordial Universe.
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